Initial modulation in Coherent electron cooling (CeC) scheme relies on ion charge screening by electrons. In a CeC system with bunched electron beam, the long-range longitudinal space charge force is inevitably induced. For a relatively dense electron beam, it can be comparable or even greater than the attractive force from the ion. Hence, space-charge field influence to the modulation process could be important. If the longitudinal Debye length is much smaller than the electron bunch length, the modulation induced by the ion happens locally. In this case, the long-range longitudinal space charge field can be approximated as a uniform electric field across the region. In this paper we developed an analytical model to study the dynamics of ion shielding in the presence of a uniform electric field. We are solving the coupled Vlasov-Poisson equation system for infinite anisotropic electron plasma and estimate the influences of the longitudinal space charge field to the modulation process. We present numerical estimates for a case of the proof of CeC principle experiment at RHIC.
I. Introduction
Idea of Coherent electron Cooling (CeC) was first introduced by Y. Derbenev in 1980s [1] . In 2007, V. N. Litvinenko and Y. Derbenev have developed detailed theory of Free Electron Laser (FEL) based CeC scheme [2, 3] . It utilizes FEL as an amplifier and timeof-flight dependence on hadron's energy to cool hadrons. Estimations show that it has the potential to cool high-energy high-intensity ion beam in modern hadron accelerators such as RHIC, LHC and the proposed eRHIC. More recently, a similar CeC concept based on amplification via a micro-bunch instability, called by the author Micro-bunched Electron Cooling (MBEC), has been proposed [4] . The later technique has potential of much larger bandwidth compared with other CeC schemes [4] . A CeC system comprises of three sections: modulator, amplifier and kicker. In the modulator, the ion beam and the electron beam are merged together. Each ion creates an electron density modulation around itself through the process shielding, or screening. The electron density modulation is then amplified in the CeC amplifier and acts back on the ion in the kicker section. As the result, the energy error of the ion is reduced. By coupling transverse and longitudinal motions [2] [3] , the oscillations in all three degrees of freedom can be cooled.
The modulation process of CeC relies on the Coulomb interaction between electrons and ions. The dynamics of the process in uniform anisotropic electron plasma has been previously investigated, which, at the cold electron beam limit, reduces to the results obtained from the hydro-dynamical model [3, 5] . In these calculations, it is assumed that electrons have uniform spatial distribution and hence there is no net space charge field in the un-perturbed electron plasma. The assumption is valid if the spatial extension of the electron bunch is much larger than the Debye lengths in all three dimensions and the ion is located close to the center of the electron bunch. However, for an electron bunch with high density and an ion interacting with electrons away from the bunch centers, the electrons surrounding the ion may see a net longitudinal space charge force comparable to or even greater than the attractive force from the ion. This makes it necessary to account for the long-range space charge field while analyzing the modulation process.
In this work, we withdraw the assumption that the net long-range space charge field is negligible while still assuming that the spatial distribution of electrons is smooth and its spatial extension is much larger than the Debye lengths in all three dimensions. With these assumptions, it is still possible to make the approximation that electrons participating in shielding a specific ion have uniform spatial distribution. Also, the longrange space charge field perceived by these electrons can be considered as uniform.
Consequently, the modulation process can be described by the self-consistent VlasovPoisson equation system for uniform electron plasma in the presence of a moving ion and an external electric field. By linearizing the Vlasov equation, we are able to solve the equation system for the κ-2 velocity distribution analytically and obtain the density modulation in a simple form of 1-D integral.
The paper is organized as follows. In section II, we write the linearized Vlasov-Poisson equation for the system and solve the equations for the background electrons. The linearized Vlasov-Poisson equation system is solved in section III, and the electron density modulation induced by the moving ion is obtained. In section IV we gives a few numerical examples for the influence of longitudinal long-range space charge field on the modulation process in the proof of principle experiment of CeC and the proposed CeC systems for eRHIC and LHC. The reduction of the longitudinal space charge field due to beam pipe screening is calculated in section V. Section VI presents the summary.
II. Linearized Vlasov-Poisson Equations
It is convenient to choose the reference frame as the rest frame of the ion, where the velocities of electrons are non-relativistic. Non-relativistic nature of the particles' motion in this frame allows us to use electrostatic Poisson equation as a good approximation for the evolution of electric fields.
Let be the electron phase space density distribution at time t with the initial distribution at t = 0 of: .
(
For t > 0 , the phase space distribution function is determined by the coupled Vlasov-
and ,
where is the uniform space charge field at the location of the ion and Z i e is the electric charge of the ion. The electric potential, , is induced both by the ion and the electrons' response to the ion's field. To linearize eq. (2), we write the phase space density as ,
where the distribution function of background electrons, , describes the evolution of the electron phase space density in the absence of the ion and satisfies
with
Since the acceleration does not depend either on the coordinate or on initial velocity, the evolution of the distribution is simply a shift of the initial distribution by
(7) Solution in eq. (7) As the distribution of background electrons is uniform and hence does not contribute to the electric field, the electric potential, , is solely determined by the electron density modulation: .
Eqs. (8) and (9) constitute the linearized Vlasov-Poisson system, which determines the electron phase space density modulation induced by the ion.
III. Solving Linearized Vlasov-Poisson System for κ-2 Velocity Distribution
In order to proceed, it is convenient to change the independent variables, and t , to a set of new variables: ,
and
We denote the induced phase space density variation in terms of the new variables as .
With the new variables, the partial derivatives in eq. (8) with respect to and t can be rewritten as ,
and .
Inserting eqs. (12) and (13) 
The Poisson equation, eq. (9), can be simply rewritten as .
Multiplying both sides of eqs. (14) and (15) by , and integrating over gives their Fourier transformation:
The Fourier components of the phase space density and electric potential are defined as:
and the Fourier components of the spatial density modulation is given by
Multiplying both sides of eq. (16) by exp i
Eq. (26) can be written into a more compact form:
and the new function, , is defined as
Taking the second time derivative of eq. (30) generates an inhomogeneous second-order ordinary differential equation (ODE)
which, for arbitrary initial conditions, has the solution [6] , (33) with c 1 and c 2 being constants to be determined by the initial conditions at t = 0 . As we assume that there is no modulation at t = 0 , the initial conditions read ,
Applying the initial conditions of eq. (34) to eq. (33) for τ = 0 yields
Inserting eq. (36) into (33) and then taking the first time derivative produces
Eqs. (35) and (37) require
and hence we obtain from eqs. 
The electron density modulation in the configuration space is given by the inverse Fourier transformation of , i.e.
.
Inserting eq. (40) into (41), we finally obtain the following expression for the electron density modulation induced by an ion
where we have used the normalized variables defined as x j ≡ x j r j , a j ≡ a j r j ω p 2 , v 0, j = v 0, j β j and r j ≡ β j ω p for j = x, y, z . Eq. (42) has the form of a 1-D integral with finite integration range and as expected, it reduces to the previously derived results at the limit of . Fig. 1 and Fig. 2 show the 1-D and 2-D plots of the electron density modulation obtained by numerical integration of eq. (42). In Fig. 1 , the electron density modulations at a specific transverse location are plotted for various longitudinal space charge fields. For an ion at rest, as seen in Fig. 1(a) and Fig. 2(a) , the space charge field reduces the peak modulation amplitude and shifts its longitudinal location. For a moving ion, however, Fig. 1(b) and Fig. 2(b) show that the acceleration of electrons due to space charge field can compensate the effects due to ion motion if the space charge force is in the same direction of the ion velocity. Qualitatively this can be understood as matching between the hadron velocity and average velocity of the electrons during the interaction process. Hence, matching average electron's velocity with that of the ion should increase the amplitude of modulation. Direct numerical evaluation of eq. (42) shown that the effect is nearly compensated (within a few percent deviation) when normalized velocity and the acceleration is matched. and v z ≈ 2.9a z , correspondingly.
As FEL only amplifies electron current modulation with frequencies close to its resonant frequency, the following quantity is closely related to the modulation efficiency: λ FEL ≥ 2πr x , the amplitude change due to longitudinal space charge is negligible.
However, Fig. 4(b) shows that considerable phase shift can occur even for modest acceleration due to space charge field. To qualitatively understand the impact of longitudinal space charge field to CeC modulation process, as examples, we shall continue with numerical calculations for a few proposed CeC schemes. 
IV. Numerical Examples
The CeC proof of principle (CeC PoP) experiment is under construction at BNL [7] and a few possible CeC designs has been proposed [8] . The designed electron beam parameters for three CeCs are listed in Table 1 [7, 8] . In this section we estimate the effects of the longitudinal long-range space charge field on the modulation process for these parameters. It is well known, that space charge effects fall very fast with the energy of the particles. Hence, we shall first consider the space charge effects for the CeC PoP experiment and later make relevant estimates for two other cases.
We shall, first, calculate the longitudinal space charge field inside the electron bunch. For simplicity, we only calculate the longitudinal space charge field at the bunch axis, i.e. for x = y = 0 . In addition, we also assume the electron bunch has beer-can transverse distribution, i.e. the electron density is uniform for r ≤ R and zero for r > R . The system has cylindrical symmetry and hence it is more convenient to use cylindrical coordinates.
As illustrated in Fig. 5 
where θ x ( ) is the Heaviside step function with the definition To proceed, we assume the electron charge distribution at r ≤ R has the following form
where Q e is the total charge of the electron bunch and σ z is the R.M.S. electron bunch length. Inserting eq. (49) into (48) and then integrating over z yields the longitudinal space charge field at the location 0,0, z 0 ( )
It is worth nothing that, as shown in Fig. 6 , even though the values of R /σ z varies by five orders of magnitudes for the three cases listed in table 1, the peak values of As shown in the previous section, the effects of the space charge relate to the normalized acceleration parameter, a z , which can be calculated as follows: Figure 6 . Plot of the F function for three R σ z parameters in Table 1 vs l σ z . Blue is for the CeC PoP case, magenta is for eRHIC CeC and grey-green is for LHC CeC.
where
are the plasma frequency and the longitudinal Debye length at the electron bunch center.
The plasma frequency at location l is
Making use of eqs. (50) and (48), we obtain the expression for the normalized acceleration parameter as follows 
and the space charge influences along the electron bunch can be represented by the following quantities:
is Fourier components in the absence of the space charge effects, i.e. a z = 0. As shown in Fig. 9(a) , the amplitude reduction of the wave-packets due to longitudinal space charge effects at the modulator is below 0.2%. However, Fig. 9(b) shows that the phase change of the initial modulation will result in the maximal wave-packet phase shift of ±13 degrees. Since the reduction of the CeC efficiency is proportional to the cosine of phase shift, this effect would reduce CeC efficiency by less than 3%.
Compared with the CeC proof of principle experiment, the longitudinal space charge fields for the other two cases listed in the Table 1 are dramatically lower. In eRHIC CeC scheme, the space charge field strength peaks at 6.15 V/m, while for LHC CeC scheme, the space charge field is about 0.001 V/m. Consequently, the peak value of a z reduces to ± 0.003 and ± 3.7 × 10 respectively for the proposed eRHIC and LHC CeC schemes.
V. Screening effects from beam pipe
In reality, the electron bunch is usually enclosed by metallic vacuum chamber and the walls of vacuum chamber can reduce the strength of the longitudinal field induced by the space charge. For σ z / b >> 1, the longitudinal space charge field in terms of the beam frame variables is given by [9] E scr,z z
where b is the beam pipe radius and
is the electron line number density. Inserting eq. (49) into eq. (62) yields
More generally, in the presence of a circular perfect conducting beam pipe, the on-axis longitudinal space charge field of an electron bunch with the distribution of eq. (49) and arbitrary bunch length is given by the following 1-D integral (Appendix A):
where I n x ( ) and K n x ( ) are the modified Bessel functions. The space charge field calculated from eqs. (64) and (65) for the parameters of the proof of CeC principle experiment are plotted in Fig. 10 , showing that the formulae agrees well for the considered parameters. More importantly, Fig. 10 suggests that the shielding effects from a perfectly conducting beam pipe wall reduce the peak longitudinal space charge field by 20%. Figure 10 . The longitudinal space charge field of an electron bunch in the free space (blue) and inside a beam pipe (red and green). The blue curve is generated using eq. (50) for an electron bunch in the free space, the red curve is produced by the approximate formula, eq. (64), for a long electron bunch inside a beam pipe, and the green curve is created from the exact formula, eq. (65), for an electron bunch with arbitrary bunch length inside a beam pipe. The proof of CeC principle experiment parameters are applied for all plots.
VI. Summary
In this work, we have developed an analytical model to study the ion shielding in the presence of a uniform electric field. The model assumes uniform electron spatial distribution and anisotropic 3-D velocity distribution. We shown that the electron density modulation induced by a moving ion can be expressed as a 1-D integral, which depends both on the ion velocity and the acceleration of electrons caused by the external field. Higher electron peak density modulation occurs when the acceleration of electrons is along the same direction of the ion velocity.
The model was applied to the process in the CeC modulator in the presence of space charge field. Its use is valid if the spatial extension of the electron bunch is much larger than the corresponding Debye length. As a numerical example, we estimated influence of the longitudinal space charge field on the modulation process in CeC used for the proof of principle experiment at BNL as well as for the proposed eRHIC and LHC CeC.
For the CeC PoP experiment, our estimations show that effect is relatively mild and can cause reduction of the CeC efficiency only by a few percent. More importantly, this analysis confirmed our early estimations and conclusions, that longitudinal space charge effects do not play significant role in the CeC schemes proposed for eRHIC and LHC.
